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Chapter 3   Some Special Distributions 
 
Section 3.3  The Gamma and Chi-Square Distributions 

Gamma:  From calculus we know that 1
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   exists for 0   and that the value of the 
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Accordingly, if   is a positive integer greater than  1, then 

             1 2 3 ... 3 2 1 1 1 !             

Note:  Since  1 1  , suggests that  0! 1 . 

 
Derivation of the Gamma Distribution 

Now consider the Gamma function,   1
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Now divide both sides by   .   We have   
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 0, 0, and 0,       we have a new probability density function (pdf) called the 

Gamma distribution,    
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      So, the random variable X  has a 

Gamma distribution with parameters and    and it’s denoted by   ~ ,X Gamma    . 

 
 

Integration By Parts 
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Find the Moment Generating Function, mgf, of the Gamma Distribution. 
 

       
 

 
 1 1

1 1 1

0 0 0

1 1 1
tx t xxtx txM t E e e x e dx x e dx x e dx




  
  

     

  
   

         

 

      
            

1
1 1 1

1 1 1
0

1 1
t

t t t

x
M t x e dx


  



 
  

       



  



        

 

     1

1
or 1

t
M t t





   where   11 0 .t t      

 
 
Mean and Variance of the Gamma Distribution 
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Chi-Square Distribution 
 

Now, let 2
r   where r  is a positive integer and 2  .  

  2

2 2

2

11

2
; 0

xr

r
r

f x x e x
 


    . 

 
 

  2

2

1

1 2
or 1 2

r

r
t

M t t



   where 1

2 .t   

 

X  has a Chi-square distribution with r  degrees of freedom and it’s denoted by   
2~ rX   .  
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Example: Let  
2

10  then by Table II of Appendix C(page 658), with 10r  , 

     3.25 20.5 20.5 3.25 0.975 0.025 0.95P X P X P X           
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Example:  Consider the Gamma Distribution where  2~ ,rX Gamma  ; 

 

 
  2

2

2

11 ; 0
xr

r
rf x x e x



 


    .  If 2XY  , find the pdf of  Y . 
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      Hence,  

2~ rY   

 
 

Example:  Consider the function    
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    .   

Compute the  4.1 20.043P X   . 

 
Note:  if  ~ 4, 3X Gamma     and let 2XY   then  

2

8~Y  . 

Hence, 

 4.1 20.043P X  =     22 2
3 34.1 20.043P X    2.733 13.362P Y   

                                    13.362 2.733 0.9 0.05 0.85P Y P Y       . 
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Homework 3.3 
 

1. For each distribution provide the pdf, mean, variance, and mgf.  Make sure you 
include the limits for each pdf.     a.  Gamma      b.  Chi-Square 
 

2. Derive the Gamma Distribution. 
 

3. Given X has a Gamma Distribution, find  M t  and then compute   2E X and  . 

 
4. Consider the Gamma Distribution where  2~ ,rX Gamma  ; 
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    .  If 2XY  , find the pdf of  Y . 

5. Consider the function    
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Compute the  2.474 21.29P X   . 

 
6. Consider the pdf   2 ; 0 1f x x x   .  Find the cdf of 6 lnY X  .  What is the pdf of Y ?    

Did you recognize the pdf of Y? 
 
 
 


