Chapter 2-Section 2.1

As the one dimensional random variable took us from the " to .7/ sample space so
are the two random variables taking us from the two dimensional space ~ to a
dimensional space ./

” f(X,y)dxdy — continuous
P(A)=P((x,y)eA): all 4

Z Z f(x,y) — discrete

all 4

For f (x, y) to be a pdf we need
1. f(x,y) >0

2. ZZ f(x,y)zl for discrete and f J_w f(x,y)dxdy =1 for continuous .
x oy

Example 1: X,y :i; x=1,2,3,... and y=1,2,3,...
4x+y

L f(x2)>0
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Example 2: f(x,y)=4xye*"ze*y2; O0<x<wo and 0<y<owo
1. f(x,y)>0

ww 4xyefxzefy2dx dy = " oxe dx[” 2yefy2dy
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Given the joint pdf f(x,y), the marginal pdfs of X and Y are:

( I f(X,y)dy —> continuous

f(x)=< e f(y)=< all x

Lall y Lall x

Example 3: Marginal pdfs for a discrete random variable.

Y
1 2 3 /(%)
1 1 1 2 4
X 10 10 10 10
2 o o o o
/() o o o
a. Find the marginal pdfs of X and Y.
X /(%) Y /()
1 o 1 1o
2 1 2 o
3 I

b. Compute the P(le,yz?:) and P(x=2,y22).

P(x=1,y=3)=% and P(x=2,y22)=P(x=2,y=2)+P(x=2,y=3)=2+

2.2 u(x.y) /(%)

Expectation of u(x,y) is E(u(x,y)): all x all y |
j:ji”(x>Y)f(X,y) dxdy

Zzet1x+tzyf(x9y)

Mgf: E (e"x”ﬂ ) — Jalixally '
[ e (ey) dedy

I f(x,y)dx
Zf(x,y) — discrete and Zf(an’)



c. Compute the E£(XY).

d. Compute the joint mgf, M (7,,t,).

e. Compute the E (XY )using the joint mgf.

f. Find the marginal mgfs for X and Y.




Example 4: Given the joint pdf f(x,y)=x+y; 0<x<1 and 0<y<], find the
marginal pdfs of X and Y and then compute P(X <) and P(X +Y <1) :

Example 5. Consider the function f(x,y)=6x"y ; 0<x<land 0<y<].

P(0<x<3i<y<l)= [ 6x° ydx dy = 1 6i1ydy= 1 22 ydy
493 1o TR I

1

~H(-4)-

3

_ny2uy

64 2

o
23
O oo

_3
8

1-x
dx
0

—-X 1 2
Plx+y<t)=P(y<i-x)=[ [6x* ydvar=[6x* =

5
= I13x2(1 —x)% dx =J.13x2 (1 - 2x+x2)dx = J.13x2 —6x’ +3x dr==x" —%3644—3i
0 0 0




(1.1
Example 6: f(x,y)=8xy; 0O<x<y<l.

)
xy II xy(8xy) dxdy = II 8x°y* dxdy = I §y2x3‘ dy J' ydy = %y6

= I: xydy = 8x

y 2|V
= [ 8xydy =8y+| =4

The cumulative distribution function (cdf) of f(x,y) is

Example 7: Consider the joint pdf f(x,y)=1; 0<x<1and 0<y<I. Let

Z =X +7Y . Find the pdf and cdf of Z.
G(Z)=P(Z<z)=P(X+Y<z)=P(Y<z-X)

(0 ; z<0

Izjz_xldydx:i°0<z<1 and g(Z)=

b

b

G(z)=1"
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[ ndpde=1-27 <2 <0 :

15 z22

0<zx<l
1<z<2



Work:

2|* 2

’ Zﬁxldydxz Zyz_xdxz rxdi=m-2| =2 —Z—; 0<z<l
Iojo jo |0 jo 2 2

[T e[ ol

:1—:I:_11—(z—x)dx]:x—zx+%

z—1

=1- 1—Z+%— Z—l—z(z—1)+—(z_21) ]]

2
=1- l—z+l— Z—l—Z(Z—1)+—Z 2241
2 2

2

2



Moment generating Function

Given the joint pdf of X and Y; f(x,y) =1 xSe 0 <x < y<oo , compute the joint mgf of X
and Y; M (1,,t,), and the marginal mgfs of X and Y.

[colNe o]

M )= B(e7)= ] e s

—00 — 00

0 o . _ ) . _ 0 . e
M (t,t,)= IO L et LoV dydx = %J.O _[ e x> e dydx = %J‘O —x’e" ————

—x(1-t,)

4
. ® nx € _ —x(l h—ty)
_%Jlo x’e -1, _6(1t)j ’ dx = ——— ( 2) ()[l—t—t]

4
1 | 1
= 6 = ; t, <1 dt+t,<1
6(1_12) [l_tl_tzJ (]—12)(]—11—1‘2)4 for 2 an 1 2

= ! = ! ; t <
MM (00)= i o ey

— 1 _ 1 1
M(tZ):M(O,tz)_(l_tz)(l_o_t2)4_(l_tz)(l_tz)“_(l_tz)sj for t2<1




Homework 2.1

1. Let f(x,y)=12x")°, 0<x<1, 0<y<]1, zero clsewhere, be the pdf of X and Y.
a. Find P(O<X<%, 0<Y<%)
b. Find P(X <Y)
c. Find P(Y < X)
d. Find P(x+ y< 1)
e. Find E(XY)

W<

2. Let f(x, y) = %e_j_
XandY.Let Z=X+Y.

) O<x< 0, 0< Y <D0, zero elsewhere, be the pdf of

a. Find the cdf of Z?
b. Find the pdfofZ?

Compute the P(Z <3)
d. Compute the P(Z >2)

3. Given the joint pdf f (x, y) for x=1,2 and y=1,2,3 compute the following:

Y
1 2
4 2
o Is is
2 | % | 0w
R
a. Find the marginal pdfs of X and Y.
b. Compute the P(x=3, y=2) and P(x>2, y=1).
c. Compute the £ (XY )
d. Compute the joint mgf, M (l‘l, tz) .
e. Compute the £ (XY ) using the joint mgf.

Find the marginal mgfs for X and Y.

4. LetXandY havethep.df f(x,y)=% ;0<x<2, 0<y<2, zeroelsewhere. Letthe

random variable Z be the sum of X and Y;i.e. Z=X+Y . Find the Cumulative Distribution
Function (cdf) of Z.



Given the joint pdf of X and Y; f(x,y) = %xzefy ; 0<x<y<oo,compute the joint mgf of X
and Y; M (1,,t,), and the marginal mgfs of X and Y.

Given the joint pdf of X and Y, f(x,y) =3x%; 0<x<y<2,find the E(XY), and the
marginal pdfs of X and Y .



